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Abstract 

The differential forms on the jet bundle J°°i? of a bundle E — > M over 
a compact n-manifold M of degree greater than n determine differential 
forms on the space T(E) of sections of E. The forms obtained in this 
way are called local forms on T(E), and its cohomology is called the local 
cohomology of T(E). More generally, if a group Q acts on E, we can define 
the local C/-irrvariant cohomology. The local cohomology is computed in 
terms of the cohomology of the jet bundle by means of the variational 
bicomplex theory. A similar result is obtained for the local (^-invariant 
cohomology. Using these results and the techniques for the computation 
of the cohomology of invariant variational bicomplexes in terms of relative 
Gelfand-Fuchs cohomology introduced in [3], we construct non trivial local 
cohomology classes in the important cases of Riemannian metrics with the 
action of diffeomorphisms, and connections on a principal bundle with the 
action of automorphisms. 
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1 Introduction 



Let us recall some basic constructions on the jet bundle geometrical approach to 
the variational calculus. Let p: E — > M be a bundle over a compact, oriented 
n-manifold M without boundary and let J°°E denote its oo-jet bundle. If 
A £ £l n (J°°E) is a lagrangian density, it determines a function A (the action 
functional) in the space T(E) of sections of E by setting A(s) = J M (j°°s)*X. 
The exterior differential dA of A is determined in the following way. Let St £ 
T(E) be a 1-parameter family of sections of E with s = so and let X £ T S T(E) = 

T(M, s*V(E)) be the vertical vector field along s defined by X(p) = 

Then we have 

= / (rVT(£ pr xA)=/ (j°° s )*( Vx dA). 

t=0 «/M J A/ 

We see that to the form A £ £l n (J°°E) it corresponds the function A £ 
n°{T(E)), whereas to the form dA £ n n+1 (J°°E) it corresponds the 1-form 
dA £ 17 1 (L(£')). Generalizing this idea, we have defined in [T5j an integration 
map 3: n n + k (J°°E) -> ft fc (r(£)), by setting 

$S[a] a (X 1 ,...,X k )= f (j°° S )*( hT x h ...L P rX 1 a). 

JM 

for a £ n n+k (J°°E) and Xi,...,X k £ T S T(E). Then we have 3f[A] = A and 
Q[dX] — dA — d3t[\]. We prove that we have 3 [da] = dSs[a] for any form 
a £ n n + k (J°°E). The forms of the type 3f[a] for a £ n n+k (J°°E) are called 
the local fc-forms £lf oc (T(E)) on T(E), and its cohomology H k oc (T(E)) the local 
cohomology of r(_E). Hence the local forms are those forms on T(E) obtained by 
integration over M of a form on the jet bundle (i.e. a form depending on a section 
and its derivatives) . For k — this notion of locality corresponds precisely to 
the notion of "local functional" needed in quantum field theory for the study of 
anomaly cancellation. Moreover, in [S] we show that the anomaly cancellation 
can be understood in terms of local cohomology of forms of degree 2, and we use 
some of the results obtained in the present paper solve the problem proposed in 
|31j consisting in explaining the topological nature of local anomalies. 

The local cohomology can be studied in terms of the jet bundle by means of 
the variational bicomplex theory. Coming back to the example of the variational 
calculus, the Euler-Lagrange form £(A) £ D. n+1 (J°°E) of A satisfies S[£(A)] = 
3f[dA] = dA, and dA = if and only if £(A) = 0. Note that both £(A) = 
and dX determine the same local form dA £ f2 1 1 oc (F(_E)). However, only £ (A) 
determines uniquely the properties of dA. We recall that from the point of 
view of the variational bicomplex theory the Euler-Lagrange operator is given 
by £ (A) = I(djiX) where / is the interior Euler operator and dn the horizontal 
differential. In general, we show in Section 2] that given a £ £l n+k (J°°E) with 
k > 0, there are an infinite number of forms on J°°E determining the same 
local form S3 [a] on T(E), but the interior Euler operator selects a canonical 
representative for it I{a n ,k), that satisfies Of [a] = $j[I(a ni k)], and Of [a] = if 



dAs{X) = 



dA(st) 
dt 



d(i°°s t )*A 



M 



dt 
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and only if J(a„, fc ) = 0. Hence, if we denote by F k {J°°E) = I(n n ' k (J°°E)) the 
space of functional forms, we have the isomorphisms Q k oc (T(E)) = !F k {J°°E), 
and H k oc {Y{E)) S H k {T m {J°°E)) = H n+k {J°°E) = H n+k (E) for fc > 0. 

If a group Q acts on £ by automorphisms, we can consider the local Q- 
invariant cohomology of T(E), H k oc (T(E)) G , and clearly we also have the iso- 
morphisms Q k oc (T{E)) G £ T k {J°°E) G , and fl* c (r(£;)) = J°°E)) for 
fc > 1. Under certain conditions analyzed in [3l [3] the invariant cohomology of 
the Euler-Lagrange complex is isomorphic to the invariant cohomology of J°°E, 
and in that case we have H k oc (T{E)) G H n+k (J°°E) G for fc > 1. Moreover, in 
[3] it is shown that in certain cases the invariant cohomology of J°°E can be 
computed in terms of relative Lie algebra cohomology of formal vector fields. 

Finally, we apply the preceding constructions to study the local invariant 
cohomology of the space of Riemannian metrics OTletM with the action of the 
group Diff M of diffcomorphisms and the space of connections ^Ipona principal 
bundle P with the action of the group AutP of automorphisms of P. We 
construct some local invariant cohomology classes on these spaces and we prove 
the non triviality of that classes, by relating them to relative Gelfand-Fuchs 
cohomology of formal vector fields. These results are used in [9] to study the 
problem of local anomaly cancellation for gravitational and mixed anomalies. 

2 Local cohomology 

Let p: E — > M be a bundle over a compact, oriented n-manifold M without 
boundary. We denote by V(E) the vertical bundle and by J r E its r-jet bundle. 
We have the projections p r : J r E — > M, p 1%s : J r E — > J S E for s < r. Let T(E) 
be the space of global sections of E, that we assume to be not empty. T(E) 
admits an structure of a Frechet manifold (see [TH Section 1.4] for details), and 
for any s € T(E), the tangent space to the manifold T(E) is isomorphic to the 
space of vertical vector fields along s, that is T S T(E) ~ T(M, s*V(E)). 

A diffeomorphism <\> 6 DifLE is said to be projectable if there exists <fi 6 
Diff M satisfying (pop = p o <f>. We denote by Proj-E the space of projectable 
diffeomorphism of E, and we denote by Proj + i? the subgroup of elements such 
that <fi £ Diff + M, i.e. <j> is orientation preserving. The space of projectable 
vector fields on E is denoted by proji?, and can be considered as the Lie algebra 
of Proj-E. We denote by (resp. pr r JT) the prolongation of <f> € ProjE (resp. 
X G projE) to J r E. The group ProjE acts naturally on T(E) in the following 
way. If S Proj-E, we define <f>r(E) £ DifiT(E) by 0r(B)( s ) — ° s ° _ j f° r 
all s G r(E). In a similar way, a projectable vector field X G projE induces a 
vector field X r(E) G X(T(E)). 

Let j r : M x T(E) — * J r E, j r (x, s) = j^s be the evaluation map. We define 
a map 3 r : fl n+k (J r E) — ► n k (T(E)), by setting 3 r [a] = f M Q r )*a, for a G 
n n+k (J r E). If a G fl k (J r E) with fc < n, we set 3 r [a] = 0. The operator 3 
satisfies the following properties (see [TB] ) 

Proposition 1 Ebr any a G tt n+k (J r E) we have 
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1. % r [da] = d% r [a}. 

2. 9 r [(>M)*a] = <j)* T(E) ^ r [a], for any G Proj+S. 

3. ^ r [i p ^ x a] = i Xr{E) ^s r [a] for any X G proj-B. 

Corollary 2 Let a G n n+k (J r E) and X u . . . , X k G T S T(E). Then we have 

3 r [a] s pfi, . . . ,X k ) = / {fs)*(i w r Xk ...b p ^x 1 a). 

JM 

The forms of the type 9 r [a] for certain r G N and a £ Vl n+k (J r E) are called 
local fc-forms, and the space of local fc-forms on r(-E') is denoted by £l\ QC (Y{E)). 
By Proposition [U Q* oc (r(.E)) is closed under d, and we denote by H' oc (T(E)) 
the cohomology of the complex (Q' oc (T(E)), d). We have an induced map in 
cohomology H' oc (T(E)) — > H'(T(E)). The key point is that this map is not 
injective in general (e.g. see [3] for an example). If a G fl k oc (T(E)) is closed, its 
cohomology class on H k (T(E)) vanishes if and only if a is the exterior differential 
of a form [3 6 fl k ~ 1 (T(E)), while its cohomology class on H k oc (T(E)) vanishes 
if and only if a is the exterior differential of a local form [3 G fi{ c ~ 1 (r(f7)). 

3 The variational bicomplex 

We denote by J°°E the infinite jet bundle (see [TJ[TH1[2H] for the details on the ge- 
ometry of J°°E). We have the projections poo: J°°E -» M , p^: J°°E J r E, 
and Q k (J°°E) = limf2 fc ( J r E). We denote by (resp. prX) the prolongation 
of G ProjE 1 (resp. X G proj£) to J°°E. 

A local trivialization (U;x' l ,y a ) of E induces a local coordinate system 
{{Poo,o)~ 1 U]x\y a ,y a j), i = l,...,n, j = l,...,m, J G N fc , J symmetric 

k = 1,2,... on J°°i?, by setting yjij^s) — - — £ v j ° s ' (x) for every local sec- 
tion s of p: E — > M. If in local coordinates X — f l ^t + g a -^^, then we have 
(QH Theorem 2.36]) 

pr* - + ^ + E £ ( 5 Q - E + E (i) 

Wnere dx-> - dxn dx» ' ana dx*- - dx- + 2^\K\=1 VK+r^r- 

The evolutionary vector helds are dehned as the vertical fields on E with 
coefficients in J°°E, i.e, Ev{E) = T{J°°E,V(E)). If X £ (X){E) is a pro- 
jectable vector field, the evolutionary part of X is given by (evX)(j^ 3 s) — 
X(s(x)) — s*(X(x)). The total vector fields are the vector fields on M with 
coefficients in J^E, i.e, Tbt(J5) = T(J°°E, TM). Given a projectable vector 
field X G (X)(E), we have prX = pr(evX) + totX, where totX denotes the 
total part of X. In local coordinates, if X = f l -£~r + 9°-^: then we have 
totX = f i d/dx i and evX = (g a - yff)d/dy a . 
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We define 7 : T(E) x Ev(E) -► TT(J5) by setting 7 (s, X) = (s, X o j°°s). We 
also use the notation J S (X) = 7(5, X). The following Proposition shows that 
the vector field X^/e) is determined by the evolutionary part of X. 

Proposition 3 If X £ proji? is a projectable vector field then Xr(B)( s ) — 
j s (evX). In particular, if X is a vertical vector field then Xr(B)(s) = X o s 

Proof. Let X £ proj_E be a projectable vector field with projection X , 
and let $t £ Proji? be its flux and $ t £ DiffM its projection onto M. Given 
s £ r(£J) we have by definition Xy(e){ s ) — sq, where st — $t o s o $_ ( and 
so = %"|t=o- For every x £ M we have Xr(E)(s)(;r) = s (x) = &q(s(x)) + 
D s ( x )&o °D x s(— <j? ) = X(s(x)) — s*(X(a;)) = (evX)(j^°s), where we have used 
that $0 is the identity. ■ 

Let us recall the basic definitions of the variational bicomplex theory (see 
[U US] for details). On J°° E -> M we have a bigraduation VL k {J°°E) = 
®k= P +q W' q {J°° E) into horizontal and contact (or vertical) degree. If a £ 
Sl k {J°°E) we denote by a PtQ £ Q p ' g (J°°E) its p-horizontal and g-contact com- 
ponent. We denote fl p ' q (J°° E) simply by QP' q when there is no risk of confusion. 
According to the preceding bigraduation we have a decomposition of the exterior 
differential d = du + dy ■ 

We denote by I: Q n ' k — > fl n ' k the interior Euler operator. We recall that it 
satisfies the following properties: I 2 = I, kcrl = dn (f2 n-1 ' ), Idy = dyl. The 
image of the interior Euler operator T k = I(il n ' k ) is called the space of func- 
tional fc-forms. We have Cl n ' k ^ T k © d H (il n - 1 ' k ), i.e. F k = Q n ' k /d H (^ n ~ 1 ' k )- 

The vertical differential dy induces a differential in the space of functional 
forms 5y: T — > T k+1 , Sya — I(dya). We have the usual diagram for the 
augmented variational bicomplex 



T d v 




T dv 




T dv 




T «v 






Qn-1,3 






7 


^ 3 


T d v 


T dv 


t dv 




t dv 




T s v 




ft 1 ' 2 ^ . 


dg ) 


dg 


rr^ 2 




T 2 


T d v 


T d v 


T dv 




t dv 




T «v 




n 1 - 1 ^> . 


dff ; on-1,1 


d,H 




7 > 




T d v 


T dv 


T dv 




T dv 


/ 6v 




n 0,0 




dff ) Qn-1,0 


d.H 


n n <° 







The Euler-Lagrange complex £'(J°°E) is the following complex 

d H > dff t rig > djj-^ Qn,0 fv^ rl 6 v > jfl S v } 



We recall that in the jet bundle formulation of the variational calculus a 
Lagrangian density is an element A £ fi n '°, the map Sy : Q n >° — » T 1 is the 
Euler-Lagrange map (i.e. SyX is the Euler-Lagrange operator of A), and the map 
Sy : T 1 -> .F 2 is the Helmholtz-S onin mapping characterizing locally variational 
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operators. A classical result in the variational bicomplex theory (see e.g. [Tll22j) 
asserts that H'(£'(J°°E)) = H'(J°°E) = H*(E). This result is based on the 
fact that the interior rows of the variational bicomplex are exact 

_> r>o,fc n i,* te» ... ^ o"- fc ^ fe -> 0. 

4 Local forms and the variational bicomplex 

The family of maps 3 r determine a map 3: fr +fc (J°°(£;)) ->■ n k (T(E)), and by 
definition we have Q. k oc (T(E)) = 3(^ n+fc ( J°°(E))). We now study the relation 
between the map 5 and the variational bicomplex. 

Proposition 4 For a G J 00 ^), fc > 7 we /iaue 3 [a] = 9f[a n ,fc] = 

3f[/(a„,fe)]. 

Proof. That 3[a] = 9[a n ,fc] follows from Proposition [5] As we have a nik = 
I(a n ,k) + dnV for certain rj G fi" _1 ' fe , to prove that 3[a n ,fe] = ^s[I{a n ,k)} it is 
sufficient to prove that ^[cLhT)] = 0. As dyf] G f2™ _1 ' fc+1 we have Sfdyr/] = 0. 
Hence 3[d#7/] = Q[drj\ = d$s[r]] — 0, where we have used that Q[n] =0 because 
r} e n n -^ k . m 

In [1] (see also [19l section 5.4]) another more general interpretation of the 
functional forms is given. Precisely, every form a G fl n+k (J°° (E)) determines 
a multilineal map on evolutionary vector fields W[a] : T(E) x /\ k Fjv(E) — > M, 
W[a],(Xi, . . . ,X k ) = J M (j°°s)*(L prXk . . . L prXl a) for s G T(E) and X x , . . . , X k G 
Ev(-E). The relation between 3 and W is that we have W[a] s (Xi, . . . , Xk) = 
3[a] s ( 7s (A 1 ),_. . . , 7s (A fe )). Conversely HX 1 ,...,X k G T S T(E) £* r(s*V(£)) 
and Xi , . . . , Afc are vertical vector fields on E extending X\ , . . . , Xk then we 
have 3[a] s (Xi, . . . , Xk) = W[a] s (Xi, . . . , Xk). Hence W[a] is completely deter- 
mined by 3 [a] and vice versa. 

In [U Proposition 3.1] (see also [TH Lemma 5.85]) it is proved that W[a] = 
if and only if I(a n ,k) — 0. By the preceding considerations we have W[a] = if 
and only if 9 [a] — 0. Hence we have the following 

Theorem 5 For a G n n+k { J°°E), k > 0, we have 3 [or] = if and only if 
I(a n ,k) = 0. 

Hence the map 3 is uniquely determined by its restriction to the space 
of functional forms T k {J°°E) and this restriction T k {J°°E) <-> Q k (T(E)) is 
injective. 

Corollary 6 For a G n n+k (J°°E), k > 0, we have d%[a] = 3 [6 v I(a n , k )], and 
d($s[a]) = if and only if 5yl(a n< k) = 0. 

Corollary 7 For every k > 1 the integration map 3 induces isomorphisms 
T k {J°°E) ~ Q k oc (T(E)), and H? oc (T(E)) H n+k {£'( J°°E)) = H n+k {E). 
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Let us analyze now what happens for k = 0. In this case we do not have 
an interior Euler operator, and hence we can not select a canonical lagrangian 
for a given local functional. We can define T {J°°E) = Q. n >° / d H Ct n ~ l '° , and 
we have a map 9: T°{J°°E) — * il°(T(E)). However, this map is not injective. 
For example (see [I]) we can consider the bundle E = S 2 x T 2 — > S 2 , and 
a,0 G Q X (T 2 ) generators of H\T 2 ). If we take to = a A (3 G ^ 2 (£), then 
^ [w] G H 2 (E) and hence w defines a non trivial element in F°(J°°E). 
However we have 5s [uj] = 0, as for every s G r(-E) we have 3[ct>] s = J s2 (j 005 )* 1 ^ 1 = 
J S 2 (j°°8)*aA(j°°s)*/3 = 0, where the last equality follows as we have (j°°s)*a — 
drj for certain rj G fi 1 (5' 2 ) because -ff 1 (5 2 ) = 0. 

Let ker(So) C fl n '° denote the space of trivial lagrangian densities. Clearly 
we have by definition fij ) oc (r(iJ)) = fi n '°/ker3o. Moreover, if 5 V denotes the 
Euler-Lagrange operator 5 V : f2 n, ° — > J-" 1 , we have <if/(r2™~ 1,0 ) C ker(3?o) C 
ker((5y). If we define JV" = ker So/dff (^™~ 1,0 ) we have a natural inclusion 
A/" C ff"(^(J°°_E) = and we have H? oc (T{E)) ^ ker(^)/ ker 3 = 

H n {E)/N. In this way we can identify A/" = f| ser (£;) ker { s * : H n (E)^H n (M) = 
R}. If TV vanishes, we have n° oc (T(E)) S fi^/d^fi"- 1 ' ) and H° oc (T(E)) ~ 
H n (E). This happens for example if H n (E) = R, as it is easily seen. 

We can consider this computation of H^(T(E)) as a refinement of the in- 
verse problem of the calculus of variations, that is, the computation of the vari- 
ationally trivial lagrangian densities modulo divergences ker(Sy) /da = 
H n (E). If in place of lagrangian densities we consider local functionals, and 
we ask for the local functionals which are closed, then what we obtain is 
H? oc (r(E))=H«(E)/M. 

5 Local invariant cohomology 

Let us assume now that a Lie group Q acts on E — > M by elements of Proj + -E. 
Then we have an induced action of Q on J°°E and the variational bicomplex 
remains invariant under this action. By considering (/-invariant forms we obtain 
the (/-invariant variational bicomplex and the (/-invariant Euler-Lagrange com- 
plex. We define the space of local (/-invariant forms £l k oc (T(E)) g as the subspace 
of (/-invariant elements on £l k oc (T(E)), and the local (/-invariant cohomology as 
the cohomology of this complex. As the integration map 3 is (/-equivariant, 
from Theorem [5] we obtain the following 

Corollary 8 For every k > 1 the integration map 3 induces isomorphisms 
T k (J x E) g = n k oc (T(E)) g and we have n k oc (T{E)) g = 5s(n n+k (J°°E) g ). More- 
over, 3 induces isomorphisms H k oc (T(E)) g = H n+k (£'(J°°E)) g for k > 1. 

Let us analyze now what happens for the local invariant cohomology of order 
and 1. We have n° oc (T(E)) g (Q n > / ker(3 )) e , and hence HgJT(E)) 
(ker(<^)/ker(3 )) e {H n {E)/M} g , where {H n {E)/Af} g denotes the space of 
(/-invariant elements in H n (E)/Af. In particular, if Af — we have H® oc (T(E) = 
{H n (E)} g . If g is connected we clearly have {H n (E)} g ^ H n (E) and hence 
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H° oc (T{E)) g = H n {E) = H° oc (T(E). If there are elements of Q not nomotopic 
to the identity we can have {H n (E)} g ^ H n (E). For example, if we consider 
the bundle E = S 1 xT 2 S 1 , where T 2 = S 1 x S 1 is the 2-torus and Q = DiffT 2 
then we have H? oc (T(E)) H X (E) ~ M 3 and H° oc (T(E)) g = {iJ 1 ^)} 5 = R. 
The last isomorphism follows because the cohomology classes of H 1 (E) coming 
from T 2 are not DiffT 2 -invariant. 

The situation for Hi oc (T(E)) g is more complicated. That in general we 
do not have H{ oc (T(E)) g H n+1 {£' (J°° E)) s is shown in Section [5] with a 
concrete example of gravitational Chcrn-Simons terms. The difference between 
(7-invariant cohomology and ordinary cohomology is that we have £l® oc (T(E)) g ^ 
(n n '°/ ker(3o)) which in general is not equal to (f2 n '°) £ 7 ker($>o)- We say 
that a lagrangian density A G f2 n, ° is weakly (/-invariant if for every <p e Q 
we have (^°°')*(X) - A e kcr3 - At the Lie algebra level we have L pr xA € 
ker3o for every X G Lie(/. If we denote by (n n -°) Gw the space of weakly (7- 
invariant lagrangians, then we have fli oc (T(E)) g = (f2 n ' ) ew /ker3o- Also note 
that if A G (n n '°) gw then 5 V (X) G {^{J^E)) 5 as we have (0 (oo) )*(^(A)) = 
5y((0(°°))*(A)) = Sy(\), where we have used that 5 V vanishes on kerSo- Hence 
we have 

H i (r(F]] g * (kcr^)g ^ H"+\£-(J°°{E))f 

Under very general conditions the interior rows of the (/-invariant variational 
bicomplex are exact. For example this happens if there exists a (/-invariant 
torsion-free horizontal connection V on the space tot( J°°E) = T{J°°E,TM) 
of total vector fields (see [3]). In that case, the homotopy operators used to 
establish the exactness of ([3]) can be modified by substituting the ordinary 
derivatives by covariant derivatives with respect to V, thus obtaining (/-invariant 
homotopy operators which can be used to prove the exactness of the interior 
rows of the (/-invariant variational bicomplex 



o ±z* (n^ k ) G *s> ... *z* (n n > k ) G (T k ) G -> o 

for k > 0. In that case we have isomorphisms for k > 1 

#ioc( r (£)) e = H n+k {£'(J°°E)) g = H n+k (J°°E) g . (2) 

In [3] it is shown that the invariant cohomology H n+k (J°° E) g of the jet 
bundle can be determined in certain cases in terms of relative Lie algebra co- 
homology of formal vector fields. We apply this idea in the following sections 
in order to study the local invariant cohomology of the spaces of Riemmanian 
metrics and connections on principal bundles. 



6 Riemannian metrics and diffeomorphisms 



6.1 Universal Pontryagin and Euler forms on J 1 Mm 

Let M be a compact and connected n-manifold without boundary, and TM 
its tangent bundle. We define its bundle of Riemannian metrics q: Mm — ► M 
by Mm = {g x 6 S 2 {T;M) : g x is positive defined on T X M}. Let MetM = 
T(M, Mm) denote the space of Riemannian metrics on M. We denote by 
DiffM the diffeomorphisms group of M, by Diff + M its subgroup of orienta- 
tion preserving diffeomorphisms and by Diff e M the connected component of 
the identity in Diff M . We denote by q\ : J 1 Mm ~ > M the 1-jet bundle of Mm 
and by 7r: FM — > M the linear frame bundle of M. The pull-back bundle 
q~i : q\FM — > J .Mm is a principal G7(n, K)-bundle and we have the following 
commutative diagram 

q*FM FM 

7f J, J. JT 

Every system of coordinates (U;x l ) on M induces a system of coordinates 
(q~ 1 U;x' l ,yij) on iM M by setting = yij(g x )(dx l ) x <g> {dx r ) x , \/g x G X M , 
x eU. We denote by (y^) the inverse matrix of Let (gf U;x i ,yij t yij t k), 

be the coordinate system on J x Mm induced by (q~ 1 U ; x 1 , yij); i.e., yij,k(j x g) — 
(d(yij o g)/dx k )(x). Note that if (U;x l ) is a normal coordinate system for the 
metric g centered at x, then we have yij (jig) = Sij, Uij,kUx9) = 0- 

The diffeomorphism group of M acts in a natural way on Mm- If G 
Diff M, its lift to the bundle of metrics </>: Mm Mm is defined by 4>{g x ) = 
OT 1 i9x) G (Mm)^(x), 0*: S 2 T* (x) M -» 5 2 T*Af being the induced homo- 
morphism. Hence q o cf> = cf> o q. In the same way, the lift of a vector field 
X G X(M) is denoted by X G X(Xm). If X G X(M) is given in local coordi- 
nates by X = X l d/dx l , then its lift X G X(Mm) to Mm is given by 

X 7J? M~ ( 3 ) 

We consider the principal S'0(n)-bundle O+M — > J 1 .Mm where + M = 
{0^5, Ujc) G q\FM: u x is g^-orthonormal and positively oriented} . In [20] it 
is shown that there exists a connection form uj G £l 1 (0 + M,so(n)) (called the 
universal Levi-Civita connection) on + M invariant under the natural action of 
the group Diff + M. Let us recall how this connection is constructed. We define 
a DiffM-invariant connection u} hol G VL x (q*[FM, fll(n)) on q\FM — > J 1 .Mm 
by setting u> hor (Jf) = w 9 ((<?i)*X), for every X G T^ig^q'lFM), where 
denotes the Levi-Civita connection of the metric g. The connection Whor is not 
reducible to the 50(n)-bundle + M — > J^Mm, but in [20] it is shown that it is 
possible to obtain a reducible and Diff + M- invariant connection u) by adding to 
Whor a contact form ^i? G 1 ( J x Mm, EndTM). We denote by fl and f2hor the 
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curvature form of uj and Whor respectively. In local coordinates, the expressions 
of fihor an< i ^ are given by (see [20] ) 

(fl hor )] = dT) k A dx k + T l as T a ]r dx s A dx r , (4) 

$)=y ia {dy aj -y a . hk dx k ) (5) 

where V) k = \y ta {y a j,k + y a k,j - Vjk,a)- 

For any Weil polynomial p £ Ir° the universal characteristic form p(ft) £ 
fi 4fe ( J 1 Mm) corresponding to p is defined as the form obtained by means of the 
Chern-Weil theory of characteristic classes by applying p to the curvature of 
the universal Levi-Civita connection u). In particular we have the universal fc-th 
Pontryagin form of M,pk(£l) £ f2 4fc (J rl .MM ) and, for n even, the universal Euler 
form x(n) = ^ip-Pf(fi) S 0™(J 1 >1m), where Pf denotes the Pfaffian. These 
forms are closed, Diff + M-invariant and satisfy the following universal property 
(see |20|): for every Riemannian metric g we have (j 1 g)* (p(fi)) = p(fl g ), where 
£1 9 £ Q 2 (M, EndTM) is the curvature form of the Levi-Civita connection of the 
metric g. Hence the Pontryagin forms of degree less or equal than n determine 
the Pontryagin classes of M, while the Pontryagin forms of degree greater than 
n determine, by means of 3, closed Diff + M-invariant forms on OTetM. 

6.2 Local invariant cohomology of OJletM 

The local cohomology of 97lefM is easily computed. We have H k oc (TletM) = 
iJ ,l+fe (J 00 X M ) ^ H n+k (M M ) = H n+k (M) = for k > 0. Moreover, as 
H n (Mu) — H n (M) = R, by the results explained in Section Q] we have 
K c (MztM) a R. 

Hence p(Sl) is an exact form for every p £ Ir ^ with 2r > n. In fact it is 
easy to construct explicitly a form a satisfying p(Sl) — da by fixing a metric go £ 
WletM. Let lo 90 be the Levi-Civita connection of go, considered as a connection 
on the frame bundle FM. The connections qlu 90 and u> are both connections 
on the same bundle q*FM — > J 1 .Mm, and hence we have d(Tp(u),qlLJ 90 )) — 
p(fl) -p(gfO»°) = p(f2), where Tp(u, fiu 90 ) £ r2" +1 ( J°°7U fl/ ) Diff+M is the 
transgression form corresponding to u; and lu 90 (see |17j). and we have used 
that p(q~lfl 90 ) = qlp(n 90 ) — by dimensional reasons. 

As the connection u>hor determines a torsion free connection on the space of 
total vector fields on J°°A4m, by the results explained in Section[5]we have the 
following 

Proposition 9 For every k > 1 the integration map 3 induces isomorphisms 
#£ c (9JtetM) DiffeM 2 iJ' l + fc (J°°X M ) Diff<,M . 

This result is valid as well for the group Diff + A/. In Remark [12] we show 
that this result is not true for k = 1. 

The invariant cohomology H n+k ( J°°A^m) D M of the jet bundle can be 
related to relative Gelfand-Fuchs cohomology of of formal vector fields. As 
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the Gelfand-Fuchs cohomology is usually computed in terms of truncated Weil 
algebras, let us recall its definition. Let g be a Lie algebra, and denote by 
W(q) = A fl* ® ^0* i ts Weil algebra, where the elements of /\ r g* have degree 
r and the elements of S r Q* have degree 2r. Let {e 1 } be a basis of g*. We 
denote by Aj = e l ® 1 and A< = 1 ® e\ The Weil algebra W(g) is a graduated 
differential algebra with differential determined by setting d\ l = A' — gC^A^'A , 
dA 4 = — cJ fc A J 'A , and is a classical result that W(s) is acyclic. The interior 
product is defined by setting i ei A J — 5?, L ei A? = 0, and the Lie derivative is 
defined by L ei — db ei + L ei d. The fc-truncated Weyl algebra W^(q) is the 
quotient W(o)/J k+1 , where J k is the ideal of W(q) generated by S k Q*. 

If f) is a Lie subalgebra of g, we define the cohomology of W(g) relative to 
h, H(W(g), t)) as the cohomology of the rj-basic elements of W(q). It is easy to 
see that H(W(q),q) = I G for a connected Lie group G. 

Let P — > M be a principal G-bundle. A connection form A on P determines 
a homomorphism of DGA's wa ■ W(q) — > fi(P) by mapping A to A and A 
to Fj±, the curvature form of A. The induced map in relative cohomology 
Wa '■ H (W(g), g) = I G — > fi(M) coincides with the Chern-Weil homomorphism. 
If a Lie group Q acts on P by automorphisms and A is Cy-invariant, then the 
map wa takes its values on the space of ^-invariant forms, wa ■ W(g) — > Q(P) G . 

As u>hor is a Diff(Af)-invariant connection on the principal GZ(n)-bundle 
q*FM -> J 1 Mm, it determines a homomorphism VK(g[(n)) -> fi(q^FM) DiffCM . 
By formula © it factors to a map W( n )(fll( n )) -» 0(« 1 FM) Diffe,tf . By re- 
stricting this map to + M we obtain a map W( n )(Ql(n)) -> n(0+M) DiffeM . 
Taking into account that + M/SO(n) = J 1 Mm we obtain an induced map 
in relative cohomology a: H(W {n) (sl(n)),so(n)) -» i?( J X X M ) DiffCM . Finally, 
by composing with the projection i : J 00 Mm J 1 Mm we obtain a map 
a: if(W (n) ( [(n)),0o(n)) - H ( J°°^Af) DiffeM . 

Theorem 10 Tfte map a: H(W (n) (gl(n)),5a(n)) -> H(J 00 M M ) D>S ° M is in- 
jective. 

The proof of Theorem [TU] is given in Section 16.41 and is based on the ideas 
explained in [3j relating the cohomology of invariant variational bicomplexes to 
relative cohomology of formal vector fields. 

The cohomology H(W/ n )(gl(ri)),So(ri)) is well known due to its appearance 
in the cohomology of formal vector fields and characteristic classes of foliations 
(e.g. see Q3 US]). Let WO n = /\(U U U 3 ,..., U 2k -i) ® S n [C u C 2 , ...,C n ], 
where 2k ~ 1 is the greater odd number < n, deg(JTj) = 2i — 1, deg(Ci) = 2i, 
and 5 n [Ci, Ca, . . . , C„] is the quotient of S[Cx, C%, . . . , C„] by the ideal J gen- 
erated by the elements of degree greater than 2n. WO n is a differential graded 
algebra (DGA) with differential dUi — C<, dC^ = 0. We have (see [16]) 
ff(W (n) (fl[(n)),*o(n)) = H(WO n ) for n odd, and H(W (n) (gt(n)),so(n)) * 
H(W0 n )[T]/(T 2 - C n ) for n even. If we set Pi = C 2 i, it is easy to see 
that for r < 2n we have H r (WO n ) = S[P%, . . . P\ n /2]]r the space of degree r 
elements on 5 [Pi, . . . , P[ n /2]]- Hence, we conclude that for r < 2n we have 
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H r (W (n) ( S t(n)),50(n)) £* I^ n) for r even, and H r {W (n) (gl(n)), so(n)) = for 
r odd. 

Corollary 11 The map I^° {n) -> ff 2fe ( J^A^m) 15 ^^ P i-» p(n) is wyeciiue 
/or k <n. Hence a form p(Sl) is the exterior differential of a Diff e M -invariant 
form on J°°A4m if and only if p = 0. 

Proof. In q\FM we have considered two DiffM-invariant connections, u?hor 
and oj, the second one being a Riemannian connection. If p S 1^ then we have 
p(Sl) - p(n hor ) = d(Tp(u;,u; hor )), where Tp(u, w hor ) £ ^V'^J/) ™ 
is the transgression form corresponding to Whor an d w (see [H]). As c^hor 
and u> are both DiffM-invariant, the form Tp(u>,u>hor) is also DiffM-invariant. 
Hence, the forms p(Sl) and p(Oh or ) determine the same cohomology class on 
ff'(^AiM) DrM . As we know that the class ofp(ft hor ) on H'( J oc MmT' iS * M 
is not zero, we conclude that the class of p(Sl) is also not zero. Moreover, for n 
odd the class of is also not zero as we have [x(^) 2 ] = [p n /2(^)} ^ 0. ■ 



Remark 12 We can use Corollary \13\ to show that, as commented before, in 
general the map 3: H n+1 {J™ Mm)™'™ -> Hf oc (WlctM) DiS ° M is not an iso- 
morphism. 

Let us suppose that n — 4fc — 1 for an integer k. Let p G J^°^ and consider 
the corresponding universal Pontryagin form p(Sl) G £1™ +1 ( J°°A4m) DiS ■ By 
Theorem [73] the class of p(Sl) in H n+1 {J°° Mm) 131 ^ 1 " 1 is not zero. However, 
the class of $*[p(n)] in # 1 1 oc (9JtetM) EHffeM vanishes. 

This can be seen in the following way. Let a £ 0™( J°°A4m) be a form satis- 
fying p(Sl) = da. 0/ course a is not Diff e M -invariant, but it is weakly Diff e M- 
invariant, as for every A e X(M) we have L plX a — d(3(X) + i* pr x a ))> where 
we have used that t prX p{Sl) = d(3(A)) for certain^(X) 6 ri n_1 (J oc 'Mm)- This 
fact follows from the existence of equivariant Pontryagin classes (see 1S\). For 
example for n — 3 and p = pi the first Pontryagin polynomial we can take 
(see pS formula (8)]) 3(A) = j^tr {(VX) A o SI), where (VX) A denotes the 
skew- symmetric part of VA 6 Sl°( J^A^m, EndTM) and m Zoco/ coordinates 
we have VA = (§§^ - r^A^aV <g> 

Remark 13 The map a of Theorem \13\ is in fact bijective (^\), i.e. all the 
cohomology classes on H(J°° Mm) 131 ^ M come from H(W( n -\(gl(n)), so (n)). Us- 
ing this result, we obtain that i^ oc (OTetM) DifrM H n+k (W (n) (flt(n)), so(rc)) 
for k > 1. Also we have H^ oc (Wlt>iM) DiS ° M = R, and /or fc = 1 i/ie preceding 
remark shows that H^ oc (VJletM) I)lS = 0. However, we confine ourselves to 
prove Theorem 1131 Note that this result is sufficient for the study of gravita- 
tional anomalies done in 

6.3 Gelfand-Fuchs cohomology 

Let us recall some basic results about Gelfand-Fuchs cohomology of formal vec- 
tor fields. We refer to [13] for the details. Let a n — {X — X i d/dx i : X 1 e 
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R[[£i, . . . x n }]} be the Lie algebra of formal vector fields on R", with Lie bracket 

X 1 — ,^ — 

dx l ' dx l 

The Lie algebra g[(n,R) can be considered as a subalgebra of a n by the map 
0l(n,R) — > a„, a* i— > a^xW/dx 1 . We define a* as the space generated by 

= jc*(o), = ( -i)*^_f^_(o), 

and we set i?* = d# + 01 A #f . It can be seen that we have R\ = 8 r A 0! v . 

A DGA's homomorphism W( n ) ~~ > A a n i s defined by mapping A* to (ft 
and Aj to This map induces isomorphisms in cohomology H(W^ n - ) (gl(n))) = 
H(a n ) and H(W {n) (gl(n)),5o(n)) = H(a n ,3o(n)). 

6.4 Proof of Theorem [TOl 

Let us consider a coordinate system (J7;a; 4 ). Using this local chart, for any 
x G M, X G X(Af) we can identify j^X with an element of a„. Let us 
consider a point cr = j^g G J°°.Mm- For simplicity we take a = io°(<?o)> 
where go = dx l (g> dx 1 , and hence we have j/y (cr) = <5y, yij t j(cr) = for every 
multiindex J. We define a map zv : a n — ► T a J°°M.M in the following way. Given 
F G o„ let X G £(M) be such that j^X = Y. Then we set v a (Y) = prX(cr), 
which is well defined as prX(cr) only depends on the derivatives of X at x. From 
(flj and it follows that the kernel of the map v a is identified with the Lie 
subalgebra so(n) C a„. 

According to [2j we define a map 

W: OV°°^M) Diff+M -> tt fc (a„,so(n)) 

^(a)(y!,...,y fe ) - (-i) fc a ff K(n),---,*v(n)), 

for a G f2" +2 (J°°A^ fl /) Diff+M , and Yi, . . . , Y n+2 G a„. It is a cochain map and 
induces a map in cohomology ip a : ^(J^Mm)™ M -> # fc (a n ,so(n)). We 
have the following 

Proposition 14 TTie following diagram is commutative 

H(W [n) (gl(n)),so(n)) 

at / \P 

H(J 1 Mm)° ,B ' m H(a n ,so(n)). 

As the map /3 is an isomorphism, we conclude that a is injective and ip is 
surjective, proving Theorem [TU1 

Proof. As vector spaces we have gt(n) = so(n) © sym(n), where sym(n) 
denotes the space of symmetric matrices of order n. Hence we have W(gl(n)) = 



\ dxi dxi J dx l 
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/\so(n)* (g) /\sym(n)* (g) ^[(n)*. By definition, the space of so(n)-horizontal 
elements of W(gl(n)) is /\ sym(n)* (g Sg^n)*. If X s denotes the symmetric part 
of A, the map (3 maps q(X s ,A) £ W(flI( n ))sro(n)-b as ic to q{9 s ,R) 

We denote by w£ or £ ft 1 (g*FM,so(n)) and wf or e ^(gJFM, sym(n)) the 
skew-symmetric and symmetric parts of the connection Whor € fi^gJ-FM, gt(n)) 
respectively. As we have u>hor = w — 5$ and a; S fi 1 (q*FM,so(n)), 1? e 
Q 1 (qlFM, sym(n)), we clearly have w^ or = u;, u>fJ or = -\"d- 

By the definition of a, q(X s , A) £ W / (g[(n)) 5[) („)_ basic is mapped by a to 
?(wf or , r2hor)- From formulas ([3]), (|3]) and ([5]) it follows the following 

Lemma 15 If X — X l d/dx l , Y = Y l d/dx l are the local expressions of two 
vector fields on M , then we have 

1 1 /f)X3 F)K^ \ 

(K s or fe 9 (prX));. =--(^ ff (prX))j =-_^_ (a .) + _( a )j = -(^)i(jr). 

We conclude from the preceding Lemma that ip a (q(u}^ OI , J^hor)) = q{9 S ,R), 
and this proves Proposition [14] ■ 



7 Connections and metrics 

7.1 The universal characteristic forms on the bundle of 
connections 

Let 7r : P — > M a principal G-bundle over a compact n-manifold M. We denote 
by _4p the space of principal connections on P. In order to apply our gen- 
eral constructions about local cohomology to the case of connections on prin- 
cipal bundles we consider a bundle (the bundle of connections) p: C(P) — > M 
whose global sections correspond to principal connections on P, i.e, we have 
A P = T(M,C(P)). Let us recall the definition of this bundle (see [Til 1251 127) 
for details). Let p: J X P — > P be the first jet bundle of P. The action of G on 
P lifts to an action on J 1 P. We denote by p: C(P) = J x PjG —>M = P/G 
the quotient bundle, called the bundle of connections of P. The projection 
tt: J l P — > C(P) is a principal G-bundle, isomorphic to the pull-back bundle 
p*P — » G(P), that we denote by ff : P — » G(P). We have the following commu- 
tative diagram 

P P 

* I J. T 

G(P) M 

The map p is G-equi variant, i.e., is a principal G-bundle morphism. 

The group AutP of principal G-bundle automorphisms is denoted by AutP. 
If cf> £ AutP, we denote by <j> £ DiffM its projection to M. We denote by 
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Aut + P the subgroup of elements <ft G AutP such that <f> G Diff + M. The kernel 
of the projection AutP — > Diff A/ is the gauge group of P, denoted by GauP. 

The Lie algebra of AutP can be identified with the space autP C X(P) of 
G-invariant vector fields on P. The subspace of G-invariant vertical vector fields 
is denoted by gauP and can be considered as the Lie algebra of GauP. We have 
an exact sequence of Lie algebras — > gauP — ► autP — > X(M) — > 0. 

The action of AutP on P induces actions on J 1 P and G(P), and the maps 
7f and p are AutP-invariant. At the infinitesimal level, if X G autP, we denote 
by X G X(M) its projection to M, and by X P G £(P), X C(P) £ £(G(P)) its 
lifts to P = .PP and G(P) respectively 

Let (U,x l ) be a local coordinate system on M, (B a ) a basis for g. If P Q 
denotes the G-invariant vector field (P Q )p, then for every X G autP we have 
X = fd/dx i +g a B a , with f\g a G G°°(f7). Let (p^ 1 ?/, x l , Af ) be the induced 
coordinate system on G(P) (see [H] Section 3.2]). If A 6 autP is given in local 
coordinates by X = pdjdx 1 + g a B a then we have 

where c^ 7 are the structure constants of g. 

The principal G-bundle n : P — >G (P) is endowed with a canonical AutP- 
invariant connection A G f2 1 (P, g). This connection can be identified to the 
contact form on J 1 P. Alternatively it can be defined by setting Afg. A i x \ u \(X) = 
A u (p*X), for every connection A on P, x G M, w G 7r _1 (x), A G P(<J / l(2:),tl)I I, ^ 
and where cr^ : M — > G(P) is the section of G(P) corresponding to A. Let F be 
the curvature of A. In local coordinates we have (see P3]) 

F = (dA* A dx j + c^A^Aldx j A dx fc ) g> B . (7) 

If / G /P is a Weil polynomial of degree k for G, we define the universal 
characteristic form associated to / as the 2- form on G(P) defined by /(F) = 

f (¥,..., ¥)en 2k (C(P)). 

7.2 Local cohomology of WletM x Ap 

Now we consider the product bundle A4m x m G(P), whose space of sections is 
the product TlttM x Ap. The group Aut(P) acts on G(P) as explained above, 
and acts on A4m through its projection Aut(P) — > Diff(M). 

The connection u>hor determines a torsion free Aut + P-invariant connection 
on the space of total vector fields on J°°(Mm Xj/ G(P)), and by the results 
explained in Section [5] we have for k > 1 the isomorphism 

P£ c (9JtetM x A P ) Aut+p 2 P"+ fc (J 00 (A4Af x M G(P))) Aut+p . (8) 

As the connection Whor x A is Aut(P)-invariant, it determines a homomorphism 
W(0[(n) x g) -> Q,(qfFM x p) Aut ° p . By formulas © and it factors to a 
map H / („)(g[(n) x g) — > ^(^PM)^*"* 1 . By composing with the inclusion of 
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0+M on q*FM we obtain a map W (n) (gl(n) x g) -> Q(0+M x p) A ^' p . Taking 
into account that (O+M x P)/(SO(n) xG) = J 1 Mai X C(P) we obtain a map 
a: fl-(W (n) (fl[(n) x fl),«o(n) x fl) - H(J°°(M M ><m C(P))) a ^ p . 

Theorem 16 TTie map 

a: H(W (n) ( fl t(n) x g),so(n) x fl ) -> H(J°°(M M x M G(P))) AutCp (9) 

is injective. 

The proof of this Theorem is similar to that of Theorem [13] and is given in 
Section El 

The cohomology H(Wr n \(gl(n) XQ),$o(n) xj) is computed in [T3]. In partic- 
ular for jfe < n we have P 2fe (VF (n) (g[(n) x g),so(n) x g) = ® r+s=fc I r 5 ° (rl) (g)/ S G . 
Hence we have the following 

Corollary 17 The map © r+s=fe /f° W 0/f ^H 2k (J°°(M M x M C(P))) Aut+p . 
P® f l— * [p(^) A /(IF)] is injective for k < n. 

We have also the following 

Corollary 18 TTie map if -> P 2fe ( J°°(G(P))) Aut+p ; f ^ [/(F)] is injective 
for k < n. 



7.3 Cohomology of formal G-invariant vector fields 

Let G be a Lie group with Lie algebra g. We consider a basis B a of g, and we 
denote by c^ 7 the structure constants of g in this basis. 

Let dn,B = {pd/dx 1 + g a B a : f\ g a e M[[aci, . . . £n]]} be the Lie algebra of 
formal G-invariant vector fields on R" x G, with Lie bracket given by 



3 dx v dx\ 
. d 
ox 1 



J 8x3 dxi j dx l ' 



dg a 
f dx^ Ba > 



[g a B a ,h a B a }^c a yh^B a , 



We define a* „ as the space generated by 

e i {x) = f(o), e* i ... Jk (x) = (-i) k 

a a (X) = g*(0), al... jk (X) = (-1) 



gkfi 



dx^ 1 ■ ■ • dx Jk 
d k g a 



dxi 1 ■ ■ ■ dx3>* 



(0), 
(0), 



and we set R) = dd) + 0{ A Q) and S a = da a + \c^a^a"<. We have (see Q3] 



m = 



Ai 



"3 " ' 1 "jfe' 

5" = 6» 4 Act?, 



<//,■; + 0£ A R k -K l k A e) = 0, 
dS a + c a pl S p o~~< = 0. 



(10) 
(11) 
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The Lie algebra gl(n) is considered as a Lie subalgebra of a„ iB through the 
map gl(n) — > a„, B , Aj i— ► A^x^d/dx 1 , and similarly g is considered as a Lie 
subalgebra of a„, B with the obvious map. 

The Lie algebra cohomology of a raiB relative to a Lie subalgebra f) is the 
cohomology of the subcomplex of f)-basic elements in /\a n , s , and is denoted 
by H(an tS , E)). As usual, the cohomology of a n , B can be computed in terms 
of the cohomology of truncated Weil algebras. We consider the Weil algebra 
W(gl(n) x g) of the Lie algebra gl(n) x g. By formulae (JTUJ) and (flTj) we have a 
map p: W (n) (gl(n,R) x g) -> f\ a„, B defined by setting /3(A}) = 6), /3(Aj) = P}, 
/3(A Q ) = a a and /3(A Q ) = 5 Q . In [H] it is proved that the induced map on 
relative cohomology (3: P fe (a njB , so(ra) x g) -> F fc (W( n )(fl[(n,ia) x g),so(n) x g) 
is an isomorphism. 

7.4 Proof of Theorem UM 

Let us fix a local trivialization (7r~ 1 (?7), a; 1 , u a ) of P such that x l (x) = and a 
point a = (j™g, j%°A) 6 J°°{Mm Xm C(P)). Again for simplicity we assume 
that yij(j^g) = Sij, Vij,j(j™g) = 0, and A?j(j™A) = 0, for every multiindex 
J. Using this trivialization, for any X £ autP we can identify ffX with an 
element of a„ !B . We define a map v a : a„. B — > T it J co (Mm x m C{P)) in the 
following way. Given V 6 a„. B let A e autP be such that j£°A = Y. Then 
we set v<j(Y) = pr(A, Xctp))(c), which is well defined as pr(X, Xc(p))(c) only 
depends on the derivatives of X at x. From ((T|), Q and (|6|) if follows that the 
kernel of the map v a is identified with the Lie subalgebra 5o(n) xgc o. n ,g- 
According to [3] we define a map 

H k {J°°(M M x M C(P))) Aut+p -» P fc (a„, B ,so(ri) x ) 

by setting ^(a)(Yi, . . . , Y k ) = {-ifa^v^Yx), . . . , v a (Y k )) for Y u ...,Y k e 
a„, B , and a e ft fe (J°°(A4M x A f C(P))) Aut+p 

Proposition 19 The following diagram is commutative 

H{W {n) {gi(n) x g),so(n) x fl) 

H{J°°(M M x C(P))) Aut ° p P(a„, B ,50(n) x fl ) 

As the map /3 is an isomorphism, we conclude that a is injective, proving 
Theorem [H 

The proof of Proposition [TH] is the same than that of Proposition [T3] using 
Lemma IT51 and the following lemma, that shows that Vv([p(^hor) A /(F)]) = 
\p(R)Af(S)]. 

Lemma 20 If X = f\djdx l + gfB a , Y = f\djdx % + g%B a , is the local expres- 
sion of X,Y £ autP, we have 

HX C{P) ,Y C{P) ) = (fldg^/dx 1 - fidgf/dx*) ® B a . 



17 



Acknowledgement 21 / would like to thank I. Anderson for letting me know 
some of his unpublished results on the cohomology of invariant variational bi- 
complexes, and to P. Martinez Gadea for calling my attention to reference 
This work is supported by Ministerio de Educacion y Ciencia of Spain, under 
grant #MTM2005-00173. 

References 

[1] Anderson, I.: The Variational Bicomplex, preprint. 
[2] — , Private communication. 

[3] Anderson, I., Pohjanpelto, J.: The cohomology of invariant variational 
bicomplexes, Acta Appl. Math. 41 3-19, (1995). 

[4] — , Infinite dimensional Lie algebra cohomology and the cohomology of in- 
variant Euler- Lagrange complexes: A preliminary report, Differential geom- 
etry and applications (Brno, 1995), 427-448, Masaryk Univ., Brno, 1996. 

[5] Bott, R.: Notes on Gel'fand Fuks cohomology and Characteristic Classes, 
Raoul Bott: Collected Papers, Vol. 3, Birkhauser Boston, 288-356, (1995). 

[6] Castrillon Lopez, M., Munoz Masque, J.: The geometry of the bundle of 
connections, Math. Z. 236 797-811, (2001). 

[7] Ferreiro Perez, R.: Equivariant characteristic forms in the bundle of con- 
nections, J. Geom. Phys. 54 197-212, (2005). 

[8] — , On the equivariant variational bicomplex, Proc. Conf. Differential Ge- 
ometry and its Applications (Prague, 2004), Charles University Prague 
(Czech Republic) 2005, 587-596. 

[9] — , Local anomalies and local equivariant cohomology, to appear in Comm. 
Math. Phys. 

[10] Ferreiro Perez, R., Muhoz Masque, J.: Natural connections on the bundle 
of Riemannian metrics, Monatsh. Math. 155, 67-78 (2008). 

[11] — , Pontryagin forms on (4fc — 2) -manifolds and symplectic structures on 
the spaces of Riemannian metrics, preprint (arXiv: |math. DG /0507076 ) . 

[12] Garcia Perez, P.L.: Gauge algebras, curvature and symplectic structure, J. 
Differential Geom. 12 209-227, (1977). 

[13] Godbillon, C: Cohomologies d'algebres de Lie de champs de vecteurs 
formels, Seminaire Bourbaki, Vol. 1972/1973, No. 421, Lecture Notes in 
Math., 383 69-87, (1974). 



18 



[14] Hamasaki, A.: Continuous cohomologies of Lie algebras of formal G- 
invariant vector fields and obstructions to lifting foliations, Publ. Res. Inst. 
Math. Sci. 20 401-429,(1984). 

[15] Hamilton, R.: The inverse function theorem of Nash and Moser, Bull. 
Amor. Math. Soc. (N.S.) 7 65-222, (1982). 

[16] Kamber, F., Tondcur, P.: Foliated bundles and characteristic classes. Lec- 
ture Notes in Mathematics, Vol. 493. Springer- Verlag, Berlin-New York, 
1975. 

[17] Kobayashi, S., Nomizu, K.: Foundations of Differential Geometry, John 
Wiley & Sons, Inc. (Interscience Division), New York, Volume I, 1963; 
Volume II, 1969. 

[18] Margiarotti, L., Sardanashvily, G.: Connections in Classical and Quantum 
Field Theory, World Scientific, 2000. 

[19] Olver, P.: Applications of Lie groups to differential equations. Second edi- 
tion. Graduate Texts in Mathematics, 107. Springer- Verlag, New York, 
1993. 

[20] Saunders, D.J.: The Geometry of Jet Bundles, London Mathematical So- 
ciety Lecture Notes Series 142, Cambridge University Press, 1989. 

[21] Singer, I.M.: Families of Dirac operators with applications to physics, The 
mathematical heritage of Elie Cartan (Lyon, 1984). Asterisque Numero 
Hors Scrie, 323-340, (1985). 

[22] Takens, F.: A global version of the inverse problem to the calculus of vari- 
ations, J. Differential Geometry 14, 543-562, (1979). 



19 



Part II 

Local Anomalies and Local 
Equivariant Cohomology 

Abstract 

The locality conditions for the vanishing of local anomalies in field 
theory are shown to admit a geometrical interpretation in terms of lo- 
cal equivariant cohomology. This interpretation allows us to solve the 
problem proposed by Singer in |31| . and consisting in defining an ade- 
quate notion of local cohomology to deal with the problem of locality in 
the geometrical approaches to the study of local anomalies based on the 
Atiyah-Singer index theorem. Moreover, using the relation between local 
cohomology and the cohomology of jet bundles studied in [19] we obtain 
necessary and sufficient conditions for the cancellation of local gravita- 
tional and mixed anomalies. 

Key words and phrases: local equivariant cohomology, local anomalies, equiv- 
ariant characteristic classes, BRST cohomology. 

Mathematics Subject Classification 2000: Primary 81T50; Secondary 55N91, 
57R20, 58D17, 58A20, 70S15. 

1 Introduction 

An anomaly appears in a theory when a classical symmetry is broken at the 
quantum level. One fundamental concept in the study of local anomalies is 
locality. In order to cancel the anomaly, only local terms are allowed, "local" 
meaning terms obtained integrating forms depending on the fields and its deriva- 
tives. In the algebraic approaches to local anomalies (local BRST cohomology, 
descent equations) only local terms are considered. However, in the geometric 
and topological approaches based on the Atiyah-Singer index theorem it is not 
clear how to deal with the problem of locality. The aim of the present paper is 
to solve the old problem, suggested by Singer in [31], and consisting in deter- 
mining an adequate notion of "local cohomology" which allows to deal with the 
problem of locality in that geometric approaches. 

Let us briefly recall some basic ideas about the problem of locality in the 
study of local anomalies (e.g. see [5]). In this paper we consider only local 
anomalies, and hence we can assume that we are dealing with a connected 
group G, with Lie algebra &. We consider an action of Q on a bundle E — * M 
over a compact n-manifold M . Let {D s : s G T(i?)} be a C/-equivariant fam- 
ily of elliptic operators acting on fermionic fields ip £ F(V) and parametrized 
by T(E). Then the lagrangian density £(i/j,s) — ipiD s ip is (/-invariant, and 
hence the classical action Sc{il),s) = J M C(ip,s), is a ^-invariant function on 
T(V) x r(E). However, at the quantum level, the corresponding effective ac- 
tion W(s), defined in terms of the fermionic path integral by exp(— W(s)) = 
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J T>i\fDi\) exp (— J M ijjiD s ip) could fail to be ^-invariant if the fermionic mea- 
sure DipDij) is not (/-invariant. To measure this lack of invariance we define 
A G ^(©.^(rCE))) by A = SW, i.e. A(X)(s) = L x W{s) for X G 0, 
s G T(E). Although W is clearly a non-local functional, .4 is local in X and s, 
i.e. we have A G Oj oc ((5, f2P oc (r(-E))). It is clear that A satisfies the condition 
8 A = (the Wess-Zumino consistency condition). Moreover, if A — 6 A for a 
local functional A = f M X G fij oc (r(.E)) then we can define a new lagrangian 
density C — C + A, such that the new effective action W is (/-invariant, and in 
that case the anomaly cancels. If A ^ 6A for every A G f2P (r(.E)) then we say 
that there exists an anomaly in the theory. Hence the anomaly is measured by 
the cohomology class of A in the BRST cohomology Hl oc (<8, tt° oc (T(E))). In this 
way the problem of anomaly cancellation can be reduced to the pure algebraic 
computation of the BRST cohomology (e.g. see HQ [H D21 H3 OH HE US ) • 

Local anomalies also admit a nice geometrical interpretation in terms of 
the Atiyah-Singer index theorem for families of elliptic operators (see [U [2j [4J 
E21 |3T]). The first Chern class c\ (detlndD/Q) of the (quotient) determinant 
line bundle detlndD/Q — > T[E)/Q represents an obstruction for anomaly can- 
cellation. The Atiyah-Singer index theorem for families provides an explicit 
expression for C\ (det Ind-D/5) and more precisely, of the curvature ci dctIndD /S 
of its natural connection. Now the problem of locality appears again. The 
condition c\ (detlndD / Q) = is a necessary but not a sufficient condition 
for local anomaly cancellation. For example (see [T]), for M — S 6 although 
Ci (det Ind^/Diff°M) = 0, the local gravitational anomaly does not cancel. 
Moreover we recall (see [H [2S]) that the BRST and index theory approaches 
are related by means of the transgression map (see Section [2]) t: H 2 (T(E)/Q) — > 
iJ 1 (0,^°(r(£;))) i.e. [A] = t(d (detlndD/^)). As the transgression map t is 
injective, the condition ci (detlndD/Q) = on H 2 (Y(E)/Q) is equivalent to 
[-4] = on i/ 1 ((S, Cl°(r(E))). However, the condition for local anomaly cancella- 
tion is [A] = on the BRST cohomology H{ QC (<5 , tt° oc (T (E))) . Hence, in order 
to cancel the local anomaly, Q dctIndD /G should be the exterior differential of a 
"local" form on T(E)/Q, and the local anomaly cancellation should be expressed 
in terms of an adequate notion of "local cohomology of T(E)/G", H^ oc iY (E) / Q) . 
Note however that it is by no means clear how to define Hy oc {T (E) / Q) , as the 
expression of ftdctindz?/g i tee lf contains non-local terms (Green operators). The 
problem of defining this notion of "local cohomology" was proposed in [3T]. In 
P] a paper studying the preceding problem is announced to be in preparation, 
but to the best of our knowledge, this paper has not been published. 

Let us explain how local ty-equivariant cohomology solves that problem. The 
5-equivariant cohomology of T(E) and the cohomology of T(E) / Q are related by 
the generalized Chern- Weil homomorphism ChW: H 2 (T(E)) -> H 2 (T(E)/g). 
We define another injective transgression map t: Hg(T(E)) ^ H 1 (0 , fl°(T(E))) 
in such a way that t o ChW = r (see Section [2]) . 

Now, to deal with the problem of locality, we define the local (?-equivariant 
cohomology Hg loc {T(E)) in a natural way, and we prove that the restriction of 
r to H k g loc (Y{E)) takes values on Ht oc (<S ^ oc (T (E))) . We set H 2 oc (T(E)/g) - 
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ChW(iJg i oc (r(-E))) and we have the following commutative diagram 

Hl, loc (T(E)) ™S Hl c {T{E)/Q) 
r\ St 

Moreover, as t and r are injective, if to G Oi i oc (T(E)) is closed and [to] = 
ChW([w]) then the following conditions are equivalent 

(a) M = on H$ >loc (T(E)), 

(b) y = on Hl c {T{E)/Q), 

(c) [r( W )] = [tfei)] = on ^.^(TfE))). 

Hence our definition of Hf oc (T(E)/G) solves the problem. It is important to 
note that if w e fig loc (T(E)) is closed, the form to G fi 2 (r(i£)/(?) determining 
the class ChW([w]) could contain non-local terms, as to depends on the curvature 
of a connection 9 on the principal (J-bundle T(E) —> T(E)/Q, and 9 usually 
contains non-local terms. However, the form t(uS) obtained by applying the 
transgression map t to to is local. 

In this paper we prefer to work with local C?-equivariant cohomology in place 
of the cohomology of the quotient for several reasons. Generally, in order to 
have a well defined quotient manifold, it is necessary to restrict the group Q to 
a subgroup acting freely on T(E). However, the equivariant cohomology is well 
defined for arbitrary actions. Furthermore, the local (/-equivariant cohomol- 
ogy can be related to the cohomology of jet bundles, thus providing new tools 
for the study of local anomalies. In terms of local (/-equivariant cohomology 
the conditions for anomaly cancellation can be expressed in the following way. 
Let £lg otlndD g ftg(T(E)) be the (/-equivariant curvature of the determinant 
line bundle detlndl? — > T(E) with respect to its natural connection. For free 
actions we have ChW[^ etIndD ] = [Sl detlDdD /9]. Hence, our preceding consid- 
erations can be resumed by saying that if ng etlndD g ilg loc (T(E)), then the 
local anomaly is measured by the cohomology class of the Q -equivariant curva- 
ture rtg ctlndD of the determinant line bundle detlndl? — > T(E) on the local 
Q- equivariant cohomology Hg loc (T(E)). 

In [19] we have shown that, using the variational bicomplex theory, the local 
cohomology can be computed in terms of the cohomology of the jet bundle. 
By definition, a local functional A G il^ oc (T(E)) is given by integration over 
M of a function L(s, ds) depending of the section s G T(E) and its derivatives 
A(s) = f M L(s,8s)vo1m- The jet bundle J°°(E) is the space of Taylor series 
j£°s of sections s G T(E) at points x G M. Hence, the function L(s, ds) can 
be considered as a function L G Q°(J ao (E)) such that (j°°s)*L — L(s,ds) for 
every s G T(E), and the Lagrangian density A = LvoIm £ & n (J°°(E)) can be 
considered as an n-form on J°°(E). We define a map 3: n n (J°°E) -> Q,°(T(E)) 
by setting 3 [A] = / Af 0' oo s)*A and we have Stf oc (T(E)) = S(n n (J°°E)). 

For our study of anomalies we need to consider not only local functionals, 
but also local fc-forms of degree k > 0. For this reason we extend the map 
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3 to forms of degree greater than n, 3: n n+k {J°°E) -> CL k (T(E)) and we set 
f2f oc (r(J5)) = 3(^7™+ fc (J 0O £ , )). This map can be studied completely in terms 
of the jet bundle by means of the variational bicomplex theory. For k > 1 
the interior Euler operator /: fl n+k (J°°E) — > fl n+k (J°°E) (a generalization of 
the Euler-Lagrange operator) satisfies I 2 = I, SJ[a] = 9f[/(a)] and 9f[a] = if 
and only if J(a) = 0, for a G fl n+k (J°°E). The image of the interior Euler 
operator ^(J^E) = I(fl n+k ( J°°E)) is called the space of functional forms, 
and clearly we have T k {J°°E) Qf oc (r(.E)), H k oc {T(E)) H k (f(J°°E)) 
for fc > 0. Standard results on the variational bicomplex theory can be used to 
show that H k (T'(J QC E)) H n+k (J°°E), and in this way the local cohomology 
is computed in terms of the cohomology of jet bundles. In a similar way, for 
the invariant cohomology, under very general conditions we have H k oc (T(E)) G = 
H n+k (J°°E) g for k > 1 (see [19] for details). Although we do not have a similar 
result for equivariant cohomology (see Section [3]), we can use these results in 
order to study local anomalies in the following way. A necessary condition for 
anomaly cancellation is that ^ dctInd£) should be the exterior differential of a 
local ^-invariant 1-form. We call [fi dctIndD ] e H 2 oc (T{E)) G the first obstruction 
for anomaly cancellation. 

We apply these results to gravitational and mixed anomalies in Sections [5] 
and [5] and we show that in these cases the first obstruction for anomaly cancel- 
lation provides necessary and sufficient conditions for anomaly cancellation. 

We conclude that, when the locality conditions are taken into account, the 
anomaly cancellation is not related to the topology of Y(E)/Q or G, but to the 
geometry of the jet bundle. 

2 The transgression maps 

First we recall some results of equivariant cohomology in the Cartan model (e.g. 
see [SIHD). We consider a left action of a connected Lie group Q on a manifold 
J\f, i.e. a homomorphism p: Q — > DiffA/". We have an induced Lie algebra 
homomorphism © — > X(ftf), X ^ Xjsf = ^| p(exp(— tX)). 

The space of (/-invariant r-forms is denoted by f2 r (A/") e , and the (/-invariant 
cohomology by H'(M) G . We denote by V k (<8, tt r (Af)) e the space of degree 
k (/-invariant polynomials on © with values in fl r (AT). We recall that a S 
■p ((5, 5T(A/")) is (/-invariant if for every AG© and every g G Q we have 
a(AA g X) = p(g )*(a(X)). The infinitesimal version of this condition is 

L Y ^(a{X)) = ka([Y,X},X,( k 7. 1 ,X), VA,Fg©. (12) 

If Q is connected, then condition (I12|) is equivalent to the (7-invariance of a. 
We assign degree 2k + r to the elements of V (<8, tl r (Af))* . The space of Q- 
equivariant differential g-forms is Vt q g (M) = ® 2k+r=q {V k {<& 1 W [N))) G . 

The Cartan differential d c : fl q g (Af) -> ^ +1 (Af) is defined by (d c a){X) = 
d(a(X)) — Lx^fOi(X), and we have (d c ) 2 — 0. The (/-equivariant cohomology (in 
the Cartan model) of A/", Hg(Af), is the cohomology of the complex (Og(A/"), d c ). 
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Let to E Sig{N) be a (J-equivariant 2-form. Then we have lu = ujq + p 
where wo G il 2 (AT) e , and p G Horn (®, C°°(A/')) e , i.e.. /j is a C?-equivariant 
linear map /x: <8 —> C°°(Af). We have d c u — if and only if cLoq = 0, and 
lx m uj$ = d(p(X)), for every IeS. Hence a closed Q-equivariant 2-form is the 
same as a Q -invariant pre-symplectic form and a moment map for it. 

We recall the Berime- Vergne construction of equivariant characteristic classes 
(see Let ir: P — > Af a principal G-bundle and Q a Lie group acting (on 

the left) on P by automorphisms. If A is a Q -invariant connection on P with 
curvature F, we define the equivariant curvature of A by Fg(X) = F — A(Xp). 
Then for every Weil polynomial / 6 iff, the (/-equivariant characteristic form 
associated to / and A is f(Fg) G tig k (Af), It can be seen that d c (f{Fg)) = 
and that the equivariant cohomology class fg{P) = [f{Fg)\ £ Hg k (Af) is inde- 
pendent of the ^-invariant connection A. 

Finally we recall (e.g. see [6]) that if Af — > Af/G is a principal (/-bundle we 
have the (generalized) Chern-Weil homomorphism ChW: H g {Af) — » H'(Af/G). 
If A is an arbitrary connection on Af — > W/(/ with curvature F, and a £ fig (A/"), 
then we have ChW ([a]) = [hor^a^F))], where hor^ is the horizontalization 
with respect to the connection A. We also use the notation a = ChW (a). A 
direct computation shows that we have the following result, that provides a 
direct proof of the fact that the Chern-Weil map ChW: H%(N) -> H 2 (Af/G) is 
an isomorphism. 

Proposition 1 Let Af — > Af/G be a principal G-bundle, and let A G SI 1 (A/", <S) 
be a connection form, with curvature F. If u = ujq + p G fig(A/") is a closed 
G -equivariant 2-form and we define a G SI 1 (AT) by a = p(A) then we have 
hor^(o;(F)) = u> + d c a. 

Let us assume that H^Af) = H 2 (Af) = 0. We denote by H*(<8, Q°(Af)) 
the cohomology of the Lie algebra (5 with values in fl°(Af). The following 
Proposition can be proved using Formula (|12j) 

Proposition 2 Let uj = luq + pi G Qg(Af) be a closed G-equivariant form. If 
p G J7 1 (A/') satisfies ojq = dp, then the map t p G fi 1 (©, fl°(Af)) given by t p (X) = 
p(Xj\f) + p(X) determines a linear map r: Hg(Af) — > H (<3,£l (AT)) which is 
independent of the form p chosen, and that we call the transgression map r. If 
the group G is connected, then the transgression map r is injective. 

Now we assume that the action of G on Af is free, and ir: Af — > Af /G is a 
principal (/-bundle. Then we can consider the more familiar transgression map 
defined as follows 

Proposition 3 Let co G il 2 (Af/G) be a closed 2-form. If r) G SI 1 (AT) is a form 
such that 7r*w = dr], then the map t r] : <3 — > Q°(Af), t n (X) — rj(X_\r) determines 
a linear map t: H 2 (Af/G) — > H (<&,Cl°(Af)), which is independent of the form 
rj chosen, and that we call the transgression map t. If the group G is connected, 
then the transgression map t is injective. 
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The following Proposition relates the two transgression maps. We use this 
result in order to relate our approach to anomalies with the BRST approach. 

Proposition 4 Lei w £ H$(N) and lu = ChW(w) G H 2 (M/Q). We have 
t(u>) = t(uj). 

Proof. If to = u>o + fj,, by Proposition [T] we have lo = Tr*to + d c a for some 
a G 9} g (N) = 9}{N) G , i.e. luq = TT*tj + da and fi(X) = -a(Xtf). 

Let r] G ri 1 (A/') be a form such that 7r*w = dr\. If we set p = r\ + a then 
ojq = dp and for every X G Lie Q we have t p (X) — p(Xj^) + fJ,(X) = t v (X). ■ 

3 Local equivariant cohomology 

Let p: E — > M be a bundle over a compact, oriented n-manifold M without 
boundary. We denote by J r E its r-jet bundle, and by J°°E the infinite jet 
bundle (see [55] for the details on the geometry of J°°E). We recall that the 
points on J°°E are the Taylor series of sections of E and that £l k (J°°E) — 
\imn k (J r E). 

A diffeomorphism </> G DiffE is said to be projectable if there exists 4> G 
DiffM satisfying <fi op = p o <f>. We denote by ProjE the space of projectable 
diffeomorphism of E, and we denote by Proj + E the subgroup of elements such 
that <f> G Diff + M, i.e. <j> is orientation preserving. The space of projectable 
vector fields on E is denoted by projE, and can be considered as the Lie algebra 
of ProjE. We denote by pr</> (resp. prX) the prolongation of <j> G ProjE (resp. 
X G projE) to J°°E. 

Let T(E) be the manifold of global sections of E, that we assume to be not 
empty. For any s G r(E), the tangent space to the manifold T(E) is isomorphic 
to the space of vertical vector fields along s, that is T S T(E) ~ T(M, s*V(E)). 

Let j°°: M x T(E) -> J°°E, j°°(x,s) = j™s be the evaluation map. We 
define a map 3: fl n+k ( J°°E) — ► fl k (T(E)), by Qf[a] = J M (j°°)*a for a G 
n n+k (J°°E). If a G n k (J°°E) with k < n, we set Qf[a] = 0. We define the 
space of local fe-forms on T{E) by f^ oc (r(E)) = <3{Q n+k (J°° E)) C n fc (r(E)). 
The local cohomology of T(E), Hf oc (T(E)), is the cohomology of (ftf oc (r(E)), d). 
The map 3 induces isomorphisms H k oc {Y{E)) = H n+k (E) for k > (see [H] 
for details). Note that fl^ oc {T(E)) is precisely the space of local functions on 
T{E). 

The group ProjE acts naturally on T(E) as follows. If G ProjE, we define 
4>r{E) G DifiT(E) by 4>r(E)( s ) = <t> ° s ° f^ -1 ; f° r au s G L(E). In a similar way, 
a projectable vector field X G projE induces a vector field X^ie) & 3C(T(E)). 

Let Q be a Lie group acting on E by elements Proj + E. We define the space 
of local (/-invariant forms fl k oc (r(E)) G as the subspace of (/-invariant elements 
on Q k oc (T(E)), and the local (/-invariant cohomology, H k oc (T(E)) G , as the co- 
homology of {n^ c {T{E)) G ,d). In 19J it is shown that we have ftf oc (r(E)) e = 
^s(n n+k ( J°°E) G ) for k > and that under certain conditions 3 induces isomor- 
phisms Hf oc (T(E)) s H n+k {J°°E) G for k > 1. 
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The integration operator extends to a map into equivariant differential forms 
(see [H]) S: n% +k (J°°E) -» fi§(T(J0)), by setting (9[a])(Jf) = 9f[a(X)] for 
every a G f2g +fc ( J°°E), X G ©. The map 3 induces a homomorphism in 
equivariant cohomology 3: H^ +k {J°°E) -> H%{T{E)). 

In order to define an adequate notion of local equivariant cohomology we 
made the following assumption 

(Al) We assume that (5 is isomorphic to the space of sections of a vector bundle 
V -> M, i.e. © ^ r(V). We also assume that the map © = r(V) -> 
proj-B, X i > Xg: is a differential operator. 

With this assumption, a map T: r © — > O^fT^)) is said to be lo- 
cal if there exists a differential operator t: (££) r © — > il n+k (J°°E) such that 
T(Xi, . . . = 3?[i(Xi, . . . , X fc )] for every X u . . . ,X k G ©. We denote the 
space of degree k local polynomials (resp. local fc-forms) on © with values in 
n* c (r(£)) by 7>f oc (©, ^'(r(i?)))) (resp. «r oc (©, n£ c (T(£))). 

We define the space of local ^-equivariant g-forms on T(E) by fig \ oc (F(E)) — 
® 2k+r=q (V^ c {e,fl{ oc (T(E)))) g , and the local ^-equivariant cohomology of 
T(E), Hg loc (T(E)), as the cohomology of (flg tloc (T(E)), d c ). 

Remark 5 If a Q- equivariant form a G Qg +k (J°°E) satisfies that the polyno- 
mial map a: © — > fl*(J°°E) is a differential operator, then 9f[a] G fig loc (T(_E)). 
However, even if we assume that in the definition of the Q-equivariant cohomol- 
ogy of J°°E we impose that the polynomial maps a: © — > Q'(J°°E) are differ- 
ential operators, 3 wi/Z no£ induce isomorphisms Hg +k (J°°E) = Hg loc (T(E)). 
For example, if we consider the trivial action of a group Q on E we have 
Hg(J°°E) = I 9 <g> H*(J°°E). If p G I G is a Weil polynomial of degree r, 
with 2r > n, we have by definition 9f[p] = 0, and hence the induced map 
3: Hg^i J^E) -> Hl r - n (T(E)) is not mjective m this case. 

4 Local anomalies and local equivariant coho- 
mology 

4.1 Conditions for anomaly cancellation 

Let E — > M be a fiber bundle, and let Q be a Lie group acting on by elements 
of Proj + -E. Let {D s : s G T(E)} be a ^-equivariant family of elliptic operators 
parametrized by T(E). The determinant line bundle detlndD — > r(i?) is a £?- 
equivariant line bundle, and is endowed with a natural C?-invariant connection 
associated to the Quillen metric. Let flg ctlndD G flg(T(E)) be the (J-equivariant 
curvature of detlndD. We made the following assumption 

(A2) We assume that Vlg ctlndD is a loca j g_ eq uivariant form, i.e. that n g ctlndD G 

^, l0 c(r(^)). 
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In Sections [5] and [5] we show that for the classical cases of gravitational 
and mixed anomalies, assumption (A2) follows form the Atiyah-Singer Index 
theorem for families and the results on [TB] and [2"T] . 

Definition 6 We say that the local anomaly corresponding to the Q-equivariant 
family {D s : s G T(E)} cancels if the cohomology class of flg ctlndD on the local 
Q-equivariant cohomology Hg i oc (T(E)) vanishes. 

Remark 7 If the local anomaly cancels, then clearly ci i g(det IndZ?) = 0. How- 
ever, the converse is not true, as the condition for anomaly cancellation involves 
local equivariant cohomology. Furthermore, if the action of Q on T(E) is free, 
then we can consider the quotient bundle detlndD/Q — > T{E)/Q. Then we 
have Ch~W([n dctIndD }) = a (det IndD/G) G H 2 (T{E)/G). Hence, if the local 
anomaly cancels then we have ci(det InAD/Q) = 0, but again, this condition is 
not sufficient. 

We have £lg ctlndD = Q dctIndD _|_ ^ where ^ is a moment map for the ac- 
tion of Q on the pre-symplectic manifold (T(E),£l detlndD ). By definition, the 
local anomaly cancels if and only if there exists a local ^-invariant 1-form p G 
Ql oc (T(E)) g satisfying the conditions n detIndD = dp, and p{X) = -p(X r{E) ), 
yX G ©. Hence a necessary condition for the anomaly cancellation is that 
QdetindD snom d \y e the exterior differential of a ^-invariant 1-form. For this 
reason we made the following 

Definition 8 The first obstruction for anomaly cancellation is defined as the 
cohomology class [Q dctlndD ] G H 2 oc (T(E)) g of the curvature of the determinant 
line bundle in the local Q -invariant cohomology. 

The first obstruction for anomaly cancellation involves local C/-invariant co- 
homology, which in [T^j is shown to be isomorphic to the cohomology of the 
^-invariant variational bicomplex. Moreover under certain conditions we have 
H 2 oc (T(E)) Q = H n+2 (J°°E) G , and then the first obstruction for anomaly can- 
cellation can be expressed directly in terms of the jet bundle as follows. If 
n G n n+2 (J°°E) g is a closed form such that Sfo] = n dctIndD and the class of 
77 on H n+2 (J 00 E) g does not vanish, then the anomaly does not cancel. In this 
way, the techniques developed in [3] for computing the invariant cohomology of 
the variational bicomplex in terms of Gel'fand-Fuks cohomology can be applied 
to study the problem of anomaly cancellation. We apply these results in sections 
[5] and [6] to the case of gravitational and mixed anomalies. 

4.2 Anomaly cancellation and BRST cohomology 

In this section we show that our definition for anomaly cancellation can be 
expressed in terms of BRST cohomology. We recall (see [ITJ [30]) that the 
BRST cohomology H* Q c ((5, D,® oc (T(E))) is the Lie algebra local cohomology of 
(£> with values in C^ oc (T(E)), that is, the cohomology of {n* oc {<3, Stf oc (T(E)), S). 
Now we assume that H 2 (T(E)) = i7 1 (r( J B)) = and also that H 2 oc (T(E)) = 
HUT(E)) = 0. 
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Proposition 9 The restriction of the transgression map r to Hg loc (T(i?)) 
takes values on the BRST cohomology H^ oc (&,il^ oc (T(E))) and the map 
T: H lioc( T ( E )) -> H L(®>^oc( T ( E ))) ls mjectwe for Q connected. 

Proof. Let ui — luq + p G fig loc (T(E)) be a closed local (J-equivariant 
2-form. As H? oc (T(E)) = 0, we have u> = dp, for certain p G fll oc (T(E)). 
By the dehnition of local equivariant cohomology and assumption (Al) the map 
t p : © — > £l® oc (T(E)), T P (X) = p(X T ( E }) + p{X) is a local map. The injectiveness 
of r follows from Proposition O Note that we can assume that the group is 
connected as we are dealing with local anomalies. ■ 

If the action of Q on T(E) is free, by Proposition 0] we have the following 

Proposition 10 Let oj G fig i oc (r(-E)) be a closed local Q-equivariant 2-form 
and let w_ = ChW(w) G H 2 (Y{E)/Q). Then we have t(uj) = t(uS), and in 
particular t(uj) G H^ oc ((&, Cl® oc (T(E))). Moreover, t(uj) = if and only if the 
cohomology class of uj on Hgy oc (T(E)) vanishes. 

With the preceding results, our condition for anomaly cancellation can be 
expressed in terms of BRST cohomology in the following way 

Theorem 11 Let {D s : s G r(£')} be a Q-equivariant family of elliptic opera- 
tors satisfying the conditions of assumption (A2). Then we have T([ttg ctlndD ]) G 
H^ oc (e,n° oc (T(E))) and the local anomaly cancels if and only if T{[nf tlndD }) 
() on the BRST cohomology H^ oc (e, 0$> oc (r (£?))). 

In the case of a free action of Q on T(E), we have i(ci(detInd-D/C?)) = 

5 Riemannian metrics and gravitational anoma- 
lies 

In this section we apply the preceding considerations to the case of gravita- 
tional anomalies (see [TJ ) . We consider the family of Dirac operators @ g 
parametrized by the space OJtetM of Riemannian metrics on M, and the action 
of diffeomorphisms. First we recall the definition of the equivariant Pontrya- 
gin and Euler forms on the 1-jet bundle of the bundle of metrics given in [5U] 
and |21j . Then we show how the equivariant curvature of the determinant line 
bundle can be obtained from these constructions on the jet bundle, and that 
assumptions (Al) and (A2) hold in this case. Finally, we use our characteri- 
zation of local anomaly cancellation in terms of local equivariant cohomology 
and the results in |19 a to obtain necessary and sufficient conditions for local 
gravitational anomaly cancellation. 

5.1 Equivariant Pontryagin and Euler forms on J X M. M 

Let M be a compact and connected n-manifold without boundary, and TM 
its tangent bundle. We define its bundle of Riemannian metrics q: Mm —> M 
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by M M = {fjx £ S 2 {T*M) : g x is positive defined on T X M}. Let TteiM 
I A4m) denote the space of Riemannian metrics on M. We denote by DiffM 
the diffeomorphisms group of M, and by Diff + M its subgroup of orientation 
preserving diffeomorphisms. We denote by q\ : J 1 Mm — * M the 1-jet bundle of 
Mm and by 7r: fM — > M the linear frame bundle of M. The pull-back bundle 
q\: q*FM — > J 1 Mm is a principal GZ(n, K)-bundle. 

We consider the principal 5'0(n)-bundle O+M — ► J 1 Mm where + M = 
{(jlg,u x ) € qlFM: u x is g^-orthonormal and positively oriented}. In [2D] it is 
shown that there exists a unique connection form u> £ r2 1 (0 + Af, so(n)) (called 
the universal Levi-Civita connection) on + M invariant under the natural ac- 
tion of the group Diff + M. We denote by ft the curvature form of u). 

As the universal Levi-Civita connection uj is Diff + M-invariant, the Berline- 
Vergne construction of equivariant characteristic classes (see Section [2J can be 
applied. For any Weil polynomial p £ Ir ^ we have the Diff + M-equivariant 
characteristic form p(l~2 Diff + M ) £ f2p r iff+M (J 1 .MA/) corresponding to p. In par- 
ticular we have the equivariant Pontryagin and Euler forms. If 2r > n, by 
applying the integration map 3 to p(J~2 Diff +ju), we obtain a closed Diff+M- 
equivariant form on WletM, 3?[p(fi Dlff+M )] G Q Diff+M (^ etM )- 

Now let us assume that ri = 4fc — 2 for some integer k, and let p £ I^k^ ■ 
Then lu = S[p(0 Diff + M )] 6 f2p. ff+M (3JtetAf ) is a closed Diff+M -equivariant 2- 
form on OJtetM. The explicit expression of uj = ojq + \i can be found in [2"T] 
where some geometrical properties of these equivariant 2-forms are studied. In 
particular fi: £(M) -> ft°(9JtetM) is given for g £ TttiM and X £ X(M) by 
^pQg = -2fc J M p((V 9 X) A ,^,. (2fc r. 1 .,fif), where fi» £ fi 2 (M,EndTM) is the 
curvature of the Levi-Civita connection of g, and (V 9 X) A denote the skew- 
symmetric part of \7 9 X £ n°(M, EndTM) with respect to g. It follows from 
this expression of [i that id £ ^dhj+m i oc (^ e ^)- 

5.2 Gravitational anomalies 

In this section we apply the preceding considerations to the case of local gravi- 
tational anomalies (see [TJ ) , and hence we consider the action of Diff e Af , 
the connected component with the identity on Diff + A/ on the space of Rieman- 
nian metrics 9JtetM. Let M be a compact spin n-manifold, with n = 4k — 2 
for some integer k, and let p be a representation of Spin(n). We consider the 
Diff e M-equi variant family of chiral Dirac operators {@ g : g £ VJletM} coupled 
to a vector bundle V associated to the spin frame bundle. The curvature of the 
determinant line bundle det Ind </) — ► ZflletM is given by the Atiyah-Singer index 
theorem for families in the following way. 

Let us consider the principal S'0(n)-bundle (D + M — > M x 9JMM, where 
+ M = {(u x ,g) GFM xOJtetM : u^is g^-orthonormal and positively oriented}. 
The evaluation map j 1 : M x OJletM — » J 1 Mm, admits a lift to the correspond- 
ing orthonormal frame bundles j 1 : 0+M — > + M, j 1 (u 2 ;,(?) = (u x ,j x g). The 
map j 1 is a morphism of principal S'0(n)-bundles and is Diff + Af -equivariant. 
The pull-back of the universal Levi-Civita connection u> £ il 1 (0 + M , so(n)) by 



29 



j 1 is a Diff + Af-invariant connection form u> = j 1 a; on + M, with curvature 
fi = j 1 *^), and j 1 *(pk(n Difi+M )) is the Diff+Af-equivariant fc-th Pontryagin 
form of u>. By the Atiyah-Singer index theorem for families we have 

^Diff e M = / [^(^Diff=M)ch p (r2 Diff e M )]„ +2 

J M 

= 3[P(fW M )] e ^ iffeMloc (9JtetM) 

where P = [Ach p ]„/ 2 +i S * s ^ ne component of Ach p of polynomial degree 

n/2 + 1, A is the A- genus and ch p denotes the Chern character with respect 
the representation p. Hence the condition of assumption (A2) is satisfied. That 
assumption (Al) is also satisfied follows from the local expression of the lift of 
X g 3t(M) to M M (see e.g. [20]). 

Remark 12 //we prefer to work with the quotient bundle, we restrict to the sub- 
group Diff°Af of diffeomorphisms (j) g DiffM such that (f)(xo) — xo and (j)*, Xo 
i(T; ■. f for certain xq G M. Then the action of Diff°Af on dJletM is free and 
we have a well defined quotient manifold 97tetAf/Diff°AP The first Chern class 
of the quotient bundle is given by ci (detInd#/Diff°M) = ChW(p^£?]) € 
P 2 (9JtetM/Diff°M). As remarked in the introduction, in this paper we prefer 
to work with equivariant cohomology rather than with the cohomology of the 
quotient. 

According to Definition [5] the first obstruction for anomaly cancellation is 
the class [fi detInd ?] g P 2 oc (OTetA/) DiffeM . In QJ] it is proved that we have 
#f oc (3JtetAf) DifrM J ff" +2 (J 00 A4j U ) DiffeM , and hence, the cohomology class 
[fjdetind?] g H? oc (WletM) Dis+ M vanishes if and only if the class of P(fl) on 
J ff"+ 2 (J 00 7W M ) DiffeM vanishes. We have the following result (see [19]) 

Theorem 13 The map I^° {n} -> H 2k (J°° M m) b ' iS ' M , p i-> p(O) is infective 
for k < n. Hence a form p(£l) is the exterior differential of a Diff e Af -invariant 
form on J°° Mm if and only if p = 0. 

Hence, we conclude that the local gravitational anomaly vanishes if and only 
if P = 0. Note that the condition for anomaly cancellation is independent of the 
manifold M and of the topology of Diff+Af or 9JtetAf/Diff°AP It only depends 
on the dimension n and the Spin representation p. This result is in accordance 
with the universality character of anomalies expressed in |10| 1 1 3 j . 

Remark 14 The preceding Corollary tell us that i/? ^ it is impossible to 
find a local counterterm to cancel the anomaly. However, it could be possible 
to obtain a non-local counterterm. For example (see \Tj), for M = S e we have 
C\ (det Ind^/Diff°Af) = 0, and hence there exist a non-local counterterm. 

As the space WlttM is contractible and we have #£ c (£DTetAf) =H n+k (M M ) = 
H n+k (M) = for k > 0, from Theorems Q3 and EE0J we obtain the following 
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Corollary 15 Given p G I n /2+i> let gj = gjq + /j, E Op. ff+M loc (97tetAf) be the 
Diff ' + M -equivariant two form ui = 3[p(0 Diff + M )]. For any a G f2j JC (£DtetM) 
sucft £/ia£ Wo = c?a, tte cohomology class of r a in the local BRST cohomology 
Hf oc {X(M),n° oc {DJlttM)) does not vanish. 

6 Connections and mixed Anomalies 

In this section we made an study of mixed anomalies similar to that of Sec- 
tion [5] for gravitational anomalies. We consider the family of Dirac operators 
{W g ,A '■ 9 £ 9^ e tM, A G Ap} parametrized by metrics on M and connections on 
a principal bundle P, and the action of the group AutP of automorphisms of P 
(we consider that AutP acts on SJtetM trough its projection to DiffM). First 
we recall the definition of the equivariant characteristic forms on the bundle of 
connections introduced on [18j . and using that construction and those in Sec- 
tion [5] we show that assumptions (Al) and (A2) also hold in the case of mixed 
anomalies. Finally, we obtain necessary and sufficient conditions for local mixed 
anomaly cancellation. 

6.1 The equivariant characteristic forms on the bundle of 
connections 

We consider a principal G-bundle 7r : P — > M over a compact n-manifold M. 
We denote by Ap the space of principal connections on P. Let us recall the 
definition of the bundle of connections of P (see [THE3JE7] f° r details). 

Let p: J X P — > P be the first jet bundle of P. The action of G on P lifts to 
an action on J 1 P. We denote by p: C(P) = J l PjG -> M = P/G the quotient 
bundle, called the bundle of connections of P. We have a natural identification 
r(C(P)) = Ap, and we denote by a a the section of C(P) corresponding to 
A G Ap. The projection tt: J x P — > C(P) is a principal G-bundle, isomorphic 
to the pull-back bundle p*P -> C(P), that we denote by tt : P -> C(P). We 
have the following commutative diagram 

P P 

7f J. J, 7T 

G(P) M 

The map p is G-equi variant, i.e., is a principal G-bundle morphism. 

The group AutP of principal G-bundle automorphisms is denoted by AutP. 
If cf> G AutP, we denote by (j> £ DiffM its projection onto M. We denote by 
Aut + P the subgroup of elements (j) G AutP such that <j) G Diff + M. The kernel 
of the projection AutP — > DiffM is the gauge group of P, denoted by GauP. 

The Lie algebra of AutP can be identified with the space autP C 3£(P) of 
G-invariant vector fields on P. The subspace of G-invariant vertical vector fields 
is denoted by gauP and can be considered as the Lie algebra of GauP. We have 
an exact sequence of Lie algebras — > gauP — ► autP — ► X(M) — » 0. 
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The action of AutP on P induces actions on J 1 P and C(P), and the maps 
7f and p are AutP-invariant. At the infinitesimal level, if A € autP, we denote 
by X € X(M) its projection to M, and by X P £ £(P), X C{P) £ X(C(P)) its lift 
to P = J X P and C(P) respectively. That the action of AutP on C(P) satisfies 
assumption (Al) follows from the natural identification autP = T(M,TP/G) 
and the local expression of X c r P \ (e.g. see [H]). 

The principal G-bundle 7f: P — >C(P) is endowed with a canonical AutP- 
invariant connection A £ fi 1 (P. g). This connection can be identified to the 
contact form on J 1 P. Alternatively, it can be defined by setting A.t Ut<TA r x )) (X) = 
A u (p*X), for every connection A on P, x £ M, u £ 7r _1 (x), A £ Tf^^^P. 
Let F be the curvature of A. Again as A is AutP-invariant, we can apply the 
Berime- Vergne construction of equivariant characteristic classes. If / £ if? is a 
Weil polynomial of degree k for G, we denote by /(FAutp) & flj^ utP (C(P)) the 
AutP-equivariant characteristic form associated to /. 

If 2k > n, by applying the map to /(FAutp) we obtain closed Aut + P- 
equi variant form on Ap. In particular if n — 2r is even and / £ IfL-y then 
oj = 3[/(FAutp)] S ^Aut+p(^ p )- We have w = wo + an( A the expression 
of fx: autP — > fi°(^lp) is given for X £ autP and A £ Ap by h{X)a = 
f M f(A(X), Fa, ■A r ..., Fa), and from this expression we conclude that u> £ 

fi Aut+P,loc(^) 

As usual (see [4]), we consider the principal G-bundle P x Ap — » M x Ap. 
The evaluation map ev: M x _4p — > C(P), ev(x, A) = <ta(x) extends to an 
AutP-equivariant map ev: P x Ap — > P, by setting ev(u Xl A) — (u x , ua{x)) for 
every x £ M. Then A = ev*A is a AutP-invariant connection on P x Ap, with 
curvature F = ev*F, and for every / £ X®, ev*/(FAutp) is the AutP-equivariant 
characteristic form of A associated to /. 

6.2 Mixed anomalies 

Now we consider the product bundle Mm^mC (P) — > M . The group AutP acts 
on C(P) as explained above, and acts on Mm through its projection on Diff M , 
and hence AutP acts on the product Mm x mC(P) and on J 00 (Mai XmG(P)). 
The two projections J°°(M M x M C(P)) -> J°°Mm, J°°(Mm x m C(P)) -> 
J°°C(P) are AutP-equivariant. We denote by the same letter the forms on 
these spaces and their pull-backs to J°°(Mm Xm C(P)). In particular, on 
fi AutP ( J°°(Mm xm C(P))) we have the Aut + P-equivariant Pontryagin forms 
p(r&Autp) coming from J°° Mm, and the AutP-equivariant characteristic forms 
/(F Aut p), coming from J°°G(P). 

Let j3: G — > G1(P) be a linear representation of G and let £ — > M be 
the vector bundle associated to P and /3. We denote by Aut e P the connected 
component with the identity in AutP, and we consider the Aut e P-equivariant 
family of Dirac operators {'ft g a'- 9 £ VJtttM, A £ Ap}. Let us consider the 
bundle Q = tt\{P x Ap) x ir%\o+M) -> M x TtetM x Ap, where tti : M x 
TlttM x Ap ^ M x Ap and ir 2 : M x OTetM x^-tMx SOTetM are the 
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projections. We have the following commutative diagram 



PxAp Q 0+(M) 

M x Ap ^- MxTtetMxAp M x OJtetM 

The bundle Q is a principal (S'O(n) x G)-bundle, with Aut + P-invariant 
connection 21 = TiA+W^U} and curvature $ — irlW + Tr'^fl. By the Atiyah-Singer 
index theorem for families, the Aut e P-equivariant curvature of the determinant 
line bundle is given by 



dotlndy 
Aut e P 



A I 



(i(5Aut=p)Ach"(5 Aut e P )Ach /3 (S Aut c P 
(tt* (i(J7 A ut^p)Acl/(jW P )) Anl (ch ;, ( 
(i(n A ut^p)Ach' , (0 Aut ep)Ach /3 (F Aut"P) 



n+2 
01 



n+2 



n+2 

and hence f^^p £ fl\ ut c Ploc (WlztM x Ap) and assumption (A2) is satisfied. 
By Definition [5] the first obstruction for anomaly cancellation is 



[fi 



dot Indyi 



is 



A(ft) Acrr°(ft) Ach /3 (F) 



n+2 



e i?^ (OJtetM x _4 P )^ 



\Aut e P 



-4 H 2k (J°°{M M x M C(P))) Autep 
[p(O) A /(f)] 



Again (see [H]) the map induces an isomorphism Hf oc (SJtetM x yip) 
H n+2 (J°°(MM x M C(P))) AutCp . Under that isomorphism the first obstruc- 
tion for anomaly cancellation corresponds to the cohomology class of the form 

(Mfl) A ch p (f2) A ch^fF)) on H n+3 (J ao (M M x M C(P))) Autep . We have 

V / n+2 

the following result (see [TO] ) 
Theorem 16 The map 

r-\-s — k 

p®f 

is injective for k < n. 

Hence, if Q is the component of polynomial degree n/2 + 1 of Ach p <X> clr S 
jSO{n)xG ^ jSO{n) (g,/G^ ^^gjj ^he m i x ed anomaly cancels if and only if Q = 0. In 
particular the gauge and gravitational anomalies cannot cancel between them. 
Again the condition for anomaly cancellation does not depend on the particular 
manifold M or bundle that we have. It only depends on the structure group G 
of P and the dimension n of M. 

As the space OJtetM x Ap is contractible and we have H\ oc {%RtiM x Ap) = 
H n+k (M M x M C(P)) = H n+k (M) = for k > 0, by Theorems M and [lj we 
have the following 
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Corollary 17 Let Q = ^2pi® fi S I s °( n ) (g> I G be a Weil polynomial of degree 
n/2 + 1, and let lo = uJo + t 1 G d\ ut e M loc (9JltiM x Ap) be the Aut e M-equivariant 
two form uj^Y, ^{^Aut'Ai) A fi(¥ Aut e P )]. For any a G ^(OTtetM x A P ) 
such that loq = da, the cohomology class of r a in the local BRST cohomology 
H^i&utP, n^ oc (?XllztM x Ap)) does not vanish. 

Acknowledgement 18 This work is supported by Ministerio de Educacion y 
Ciencia of Spain, under grant #MTM2008-01386. 
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